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THE SPIN DEPENDENCE
OF SWIFT PROTON COLLISIONS

A.T. BATES, N.H. BUTTIMORE and K.F. BYRNE
School of Mathematics, University of Dublin
Trinity College, Dublin 2, Ireland
E-mail: Nigel. Buttimore@tced.ie

The relation between elastic amplitudes for polarized proton-proton collisions and
spin-dependent scattering observables is studied near the forward direction with a
view to providing information on particular amplitudes at low values of momentum
transfer. Such information is particularly important, for example, in considerations
relating to the use of the transverse single-spin asymmetry in estimating the beam
polarization achieved by the increasing number of accelerators aspiring to offer
spin-polarized hadronic particles at higher energy.

1 Introduction

A study of the spin-dependent reaction parameters of the differential cross
section in the low momentum transfer region would provide significant infor-
mation on high energy spin dependence in hadronic elastic and diffractive col-
lisions. Of particular interest is the Coulomb Nuclear Interference CNI region
at small —t for proton proton elastic scattering, for example, at high energy
polarized hadron colliders such as the Relativistic Heavy Ion Collider (RHIC).
In addition, longitudinal and transverse spin-polarized total cross section dif-
ferences limit the role played by, at least the imaginary parts of, spin-inelastic
particle-elastic collision amplitudes.

2 Elastic helicity amplitudes

Theoretical studies of nucleon-nucleon scattering indicate that there may be
a spin-dependent element'! that does not vanish with increasing energyl? In
the s-channel helicity formalism' for pp elastic scattering we can write the
transverse single-spin asymmetry as

2Im[¢F (¢1 + @2 + b3 — ¢u)]

‘:1_“..- e T e == -
|1 |* + |@2]* + |b3]|® + |ha|* + 4|bs)*

(1)

Introduce an amplitude ¢ (s,t) for the spin-average of the two helicity nonflip
amplitudes ¢, = (+ + |¢| + +) and ¢3 = (+ = |¢| + =) with a corresponding
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difference amplitude ¢_(s, )

P+ _ i — ¢
P ol N

(2)

For squared momentum transfers, —¢, where one or more photon exchanges
contribute significantly, amplitudes would include an electromagnetic element
of the form (¢; +€*¢¢, j = 1,...,5), involving a helicity independent’ Coulomb
phase shift § = —a(ln |bt/2 + 4¢/A%| — 0.5772), where a is the fine structure
constant, A = 0.71(GeV/c)? is the dipole Sachs form factor parameter, and b
15 the nuclear slope parameter. For values of —¢ corresponding to interference,
the amplitude ¢4 = {+ — |¢#| — +) may be ignored because of the kinemat-
ical factor (—t) for this double helicity-flip amplitude. The electromagnetic
amplitudes @5, ¢f, and ¢° in the asymmetry

¢ Im{(2¢4+ + d2)" ¢5}
|02 + |6- % + 3|@2]® + 2|0s]?

An

are also known to be insignificant at higher energies

The imaginary parts of the forward hadronic amplitudes ¢_ and ¢ =
{+ + || — —) are related respectively to the longitudinal and transverse spin-
polarized total cross section differences

Im ¢_(s,0) 1 Ao _(s)
gk s, e S Ag, =0+ — 0~ 4
Im @ (s, 0) 2 Oor(8) PR e Y
Im 2 (s, 0] Jﬁ"':'-T'll.ﬂ:l
ot i ot L M o Ag, = — . r
Im ¢4.(5,0) Tiot(5) 5 LT =

and significant contributions from the absolute values at t = 0 of the ampli-
tudes ¢_ and ¢ would reveal themselves in an enhancement of the forward
elastic differential cross section above that expected from estimates involving
p and the optical theorem. A measure of the enhancement is

B(5,8) = 1/16- (8,0 + 3162(s,DF /lim g s, ) (6

which in the forward direction may be expressed in terms of the total cross
section and total cross section differences and the ratios of real to imaginary
parts of the amplitudes ¢_ and ¢ given by

p-=Reg_[Img_, p2 = Re o /Im gy . (7)
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3 Amplitude ratios

We introduce amplitudes v, (s,t) and v5(s,t), scaled by the imaginary part
of the spin-averaged hadronic amplitude, and scaled in addition by a factor of
+ —t, where appropriate

R = ui;ifﬂ ke WLOHL % f’i;t .

If at particular values of s and t the imaginary part here has a zerc’, then an
alternative parametrization is required. For values of ¢ that do not include
the dip region the expressions given are adequate. We illustrate the partial
cancellation of t-dependence for the electromagnetic amplitudes. The inter-
ference between ¢7 (s,t) and ¢4 (s,t) is most prominent when t = {. where
t. = —Bwa/ow = —0.0018 (GeV/c)®. Ratios involving the electromagnetic
amplitudes, keeping apart a factor ¢! due to the photon pole term, when
expanded in powers of t yield the following

. 't.:' b 4 {.I—l
|_|€=.__ = o — - Sl
{1 : ll (2 ﬁ?-'LE 2)1‘+ ] I:EI':I

including a Taylor series in ¢ for the square of the Dirac electromagnetic form
factor F)(—t) that features in ¢%, and

S et o R R Faut 10}
( 9 ) i [1 (E Al 4 4m? % (10)

4

t.!ll

Al

where a power series in t results from the product of the form factor F; and the
Pauli form factor F3 occuring in ¢f. Here u = 2.793 is the magnetic moment
of the proton, m is the proton mass, and b is typically 12 (GeV /c)~? near 200
GeV/e.

Introducing ratios with the imaginary-part of the average hadronic helicity
non-flip amplitude as denominator

g = Red,/Img,, (11)

o' = Re(¢y + ¢+ ¢2)/Im (1 + @3), (12)

1-§ = Im(¢y +¢3+ ¢2)/Im (e + ¢3). (13)

we note that (s, t) = p, ¥l(s,t) = 1, with g’ = p+ 3¢5 and £ = — 24y

upon writing

oy =gt A LR (14)
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Because the difference between the parallel and antiparallel transversely polar-
ized proton-proton total cross sections is not expected to be large, the quantitiy
£ will be small by comparison with unity since

5 Ao (8) .. (8)

- . thatis, 1-—£(s,0)= :
200t (8) Trot | 8)

et
5
—

4 Single-spin asymmetry

Since the Coulomb phase shift 4 is about 2.5% in the interference region for a
proton target with £ = 1 (and larger for nuclear targets with £ > 1), its cosine
can be approximated by 1— 467 /2 and its sine by 4, and so the asymmetry from
Eq. (1-8) reads as follows,

mAy _ $i(vg — 9gd) —wE(l — £ — p'd — 52/2) + o' — (1 - Uy

= = . . . . 2 (16
2v—t (I +2yf(p+8) + 2 + 1+ 8% — 2t [ (v +uf P + (w5)?] }

The momentum transfer dependence remaining from the approximate cancel-
lation of the the t-dependences arising from the nuclear slope parameter b and
the electromagnetic form factors may be written as

[
P = i 0.0025 + O(t) = —w — w,, (17)
yot e (Ll) fe _ 0.0010 + O(t) ~ — (“;l) e s
2 t 2
where w = t./t. Incorporating ¥f = Ry and ¢ = I5, we havé
A= 1= (19)
m

(1—&)(p - 1w - 2wls + 2p'ITs — 2(1 — £)Rs
w? —2(p+6—w)w+1+p% + 82 — L {[(p - 1)w - 2Rg]2 + 412}

The reduced ratios, s and I, of the real and imaginary parts of the helicity
single-flip to imaginary non-flip amplitude, respectively, are defined as

m i

RE"'I = " a
P W —t 3 Im o,

(20)

The ratio of single-flip to non-flip amplitude is discussed'” in relation to an
estimate of elastic proton-proton polarization at small P7 near 1 TeV. If in the
expression for the asymmetry Ax above, all quadratic terms in the assumed
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small quantities p, 6, Ao, Hs, Is, w, are neglected, the asymmetry for the
CNI region can be written as follows:
mAy _ [(1-&)(p—1)/2 - Tlw+ (pI — R+ wm)
y P w? —2(p+486 —w)w + 14 p? + 52

(21)

where w = t./t, {. = —(87a) /6ot , the transverse spin o, asymmetry is £ =
Acg. /2010, 8 is the Coulomb phase, p = 2.7928 is the magnetic moment of
the proton, 42 is the sum of forward hadronic double spinflip contributions
introduced above, and

we = —(b—9.23) ¢, /2 = 0.25%

and
wy = —(b—10.82) ¢, (u — 1)/4 = 0.10%

are small dimensionless numbers that incorporate the t-dependences of helicity
nonflip and flip electromagnetic and hadronic amplitudes to first order in the
variable ¢,

5 Asymmetry maximum

In the expression for the asymmetry Ay above, particularly for higher charged
Z targets which might be spinless, it can be important to keep all quadratic
terms in the small quantities p, 4, Hs, Is, while ignoring terms such as Ao, w,
and w,,. Maximizing Ay with respect to ¢ by including v/ —t written as
v —te/+/w on the right, we find that the maximum of the asymmetry occurs
when

: 1 32

tmax _ g 4

= 1 - (p+ }(ﬂ 30— HR@) (22)
8 B s R R

h- IR(,;’E TR "ﬁfﬁ]) 5(20° —2p6 - &%) + ...

in the approximation where the small quantities are kept to second order.
Substituting tm,. in the expression for the asymmetry we find, according to the
following equation, that the asymmetry maximum A, receives contributions
from the Coulomb phase shift 4, from hadronic ratios p, imaginary helicity flip
ratio [y, and the real helicity flip ratio Hy, to second order in such assumed
small quantities

(Rs + "-"ﬁfﬁ]

1+ ——

dmAmay ( p+a‘)"* 20
V3

W f oo B
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2 2 16 :
— =R (5 20) — —1I 24) — ——— Ry *

Expected to be about 10% over the RHIC range of energies, a positive value
of p would enhance the asymmetry maximum in proton elastic scattering.
A positive value of either the real or imaginary part of the single helicity
flip amplitude, on the other hand, would reduce the asymmetry maximum in
proton scattering. Clearly, it would be helpful to know more about the reduced
ratios of the helicity flip amplitude, A5 and [5.

Joe (23)

6 Bound on helicity flip amplitude

Lagrangian optimization techniques may be used to bound the imaginary part
of the non helicity-flip amplitude. The imaginary non-flip amplitude may be
written, using the optical theorem, as

Im riJ+|:.'i'- E:'l;l_-"-\-n = %ﬂftmﬂg! : E"”

where
_dl I g o R (il ( r}) (23)
g= g InImo. (st = - Sale t=0) \ @ DHis t=0 .

and in the CNI region, it is sufficient to approximate the exponential term,
e?* using (1 + tg), for the purposes of constraining the helicity-flip amplitude
by using a particular Im ¢, (s, t).

Equality constraints in the Lagrange function include the dimensionless
total cross section k*ogg /m, the dimensionless elastic cross section k2e. /7, and
the imaginary non helicity-flip amplitude. The partial wave unitarity relations
are written as inequality constraints. The single helicity-flip amplitude, Im ¢s,
modified by the a kinematic factor, is introduced as the objective function in
the maximization problem?!

k"gﬂf_m

L=Imds +a

- E{2J+1){aﬁ’ +ad +aj; +a§’2}]
o

™

T

[ k2o I
+8 | —= = @I+ V) (Iff? + 1 + [fLP + 1L + Elfs’ilzi}
1 )

4k 4)?

t
+v |Im g, — L > (@7 +1){ag +ai +aj; +an} (1+— J(J+ 1]}1
J




+3 02T + DA (o — 1F]12) + D27 + Vs (afy = 174 = 15117
J F

+ 3 (27 + Dps (o = IFP) + D (27 + V)py (a3; — £ - I£21) (26)
J

J

where a, # and + are equality multipliers. The inequality multipliers, Ay, py,
vy and py > 0, should all be non-negative for a maximum.

A detailed study of the interior and boundary unitarity classes indicates
that an upper bound on the ratio, Imrs = mp Im &g /(kIm e, ), is given by

1/2
T (36“9‘;" £ 1) x f(1). (27)

Tiot

The function,
1+ 2t +9/8e%¢%) "

1) 1+tg

15 unity at zero momentum transfer and in the Coulomb Nuclear Interference
region, f(t) ~ 1. The upper bound on Im r; with centre of mass energies in the
RHIC range, 50 to 500 GeV, is less than the critical value of k;/2 = 0.896. We
conclude that the asymmetry, Ax, in the CNI region is non-zero and positive
for proton proton collisions.

(28)
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